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SUPER REPLICATION IN FULLY INCOMPLETE MARKETS 


YAN DOLINSKY* * AND ARIEL NEUFELD+ 
HEBREW UNIVERSITY AND ETH ZURICH 


Abstract. In this work, we introduce the notion of fully incomplete markets. 
We prove that for these markets, the super—replication price coincides with 
the model free super-replication price. Namely, the knowledge of the model 
does not reduce the super-replication price. We provide two families of fully 
incomplete models: stochastic volatility models and rough volatility models. 
Moreover, we give several computational examples. Our approach is purely 
probabilistic. 


1. Introduction 

We consider a financial market with one risky asset, which is modeled through 
a semi-martingale defined on a filtered probability space. We introduce and study 
a new notion, the notion of fully incomplete markets. Roughly speaking, a fully 
incomplete market is a financial market for which the set of absolutely continuous 
local martingale measures is dense in a sense that will be explained formally in the 
sequel. We prove that a wide range of stochastic volatility models (see for instance 
Heston (1993), Hull and White (1987) and Scott (1987)) and rough volatility models 
(see Gatheral, Jaisson and Rosenbaum (2014)) are fully incomplete. 

The main contribution of this work is the establishment of a surprising link 
between super-replication in the model free setup and in fully incomplete mar¬ 
kets. Namely, we prove that for fully incomplete markets, the knowledge of the 
probabilistic model does not reduce the super-replication price, i.e., the classical 
super-replication price is equal to the model free super-replication price. We deal 
with two main setups of super-replication. The first setup is the semi-static hedg¬ 
ing of European options and the second setup is the super-replication of game 
options. 

In the first setup, we assume that in addition to trading the stock, the investor 
is allowed to take static positions in a finite number of options (written on the 
underlying asset) with initially known prices. The financial motivation for this 
assumption is that vanilla options such as call options are liquid and hence should 
be treated as primary assets whose prices are given in the market. 

We consider the super-replication of bounded (path dependent) European op¬ 
tions. Our main result in Theorem |3.1| says that for fully incomplete markets, the 
super-replication price is the same as in the model free setup. Moreover, when the 
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probabilistic model is given, we show in Theorem |3.3| the novel result that there is 
a hedge which minimizes the cost of a super-replicating strategy, i.e., that there 
is an optimal hedge. This is done by applying the Komlos compactness principle, 
see, e.g.. Lemma A 1.1 in Delbaen and Schachermayer (1994). This compactness 
principle requires an underlying probability space. Hence, in the continuous time 
model free setup, the existence of an optimal hedge is an open question which is 
left for future research. 

In Bouchard and Nutz (2015), the authors proved the existence of an optimal 
hedge in a general quasi sure setup (which includes the model free setup). In their 
non trivial proof, they first considered the one-period case and then extended it 
by induction to the multi-period case. Clearly, such an approach is limited to the 
discrete-time setup. 

The model-independent approach with semi-static hedging received considerable 
attention in recent years. The first work in this direction is the seminal contribution 
by Hobson (1998). For more recent results, see for instance (Acciaio et al. (2015), 
Beiglboeck et al. (2015), Dolinsky and Soner (2014, 2015(a)), Galichon, Henry- 
Labordere and Touzi (2014), Guo, Tan and Touzi (2015), Hon and Obloj (2015), 
and Henry-Labordere et al. (2014)). 

Our second setup deals with super-replication of game options. A game contin¬ 
gent claim (GCC) or game option, which was introduced in Kifer (2000), is defined 
as a contract between the seller and the buyer such that both have the right to 
exercise it at any time up to a maturity date (horizon) T. If the buyer exercises 
the contract at time t, then he receives the payment Yj, but if the seller exercises 
(cancels) the contract before the buyer, then the latter receives Xt- The difference 
At = Xt — Yt > 0 is the penalty that the seller pays to the buyer for the contract 
cancellation. 

A hedging strategy against a GGG is defined as a pair (tt, ct), which consists of a 
self financing portfolio tt and a stopping time a representing the cancellation time 
for the seller. A hedging strategy is super-replicating the game option if no matter 
what exercise time the buyer chooses, the seller can cover his liability to the buyer 
(with probability one). The super-replication price V* is defined as the minimal 
initial capital which is required for a super-replicating strategy, i.e., for any S > V* 
there is a super-replicating strategy with an initial capital S. 

For the above two setups (semi-static hedging of European options and hedging 
of game options), we prove that for fully incomplete markets, the super-replication 
price is the cheapest cost of a trivial super-replicating strategy and coincides with 
the model free super-replication price. For game options, a trivial hedging strategy 
is a pair which consists of a buy-and-hold portfolio and a hitting time of the stock 
price process. We show that for path independent payoffs Xt = f 2 {St) and Yf = 
fi{St), the super-replication price equals g{So) where g (determined by /i, / 2 ) can 
be viewed as the game variant of a concave envelope. We give a characterization of 
the optimal hedging strategy and provide several examples for explicit calculations 
of the above. 

We note that the above two setups were studied recently for the case where 
hedging of the stock is subject to proportional transaction costs (see Dolinsky (2013) 
for the game options setup and Dolinsky and Soner (2015b) for semi-static hedging 
of European options). In these two papers, it was shown that if the logarithm of the 
discounted stock price process satisfies the conditional full support property (GFS) 
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then the super-replication price coincides with the model free super-replication 
price. Thus, our results in the present paper show that the behavior of super¬ 
replication prices in fully incomplete markets (without transaction costs) is similar 
to their behavior in the presence of proportional transaction costs in markets which 
satisfy the CFS property. Intuitively, one might expect that the notion of fully 
incomplete market is stronger than the CFS property. However, as we will see in 
Remark |2.4[ these two properties are in general not comparable. 

In Cvitanic, Pham and Touzi (1999), the authors studied the super-replication 
of European options in the presence of portfolio constraints and stochastic volatil¬ 
ity. One of their results says that if the stochastic volatility is unbounded (and 
satisfies some continuity assumptions), then, even in the unconstrained case, the 
super-replication price is the cheapest cost of a buy-and-hold super-replicating 
portfolio, and is given in terms of the concave envelope of the payoff. These results 
can trivially be extended to the case of American options. The main tool that 
the authors used relies on a PDE approach to control theory of Markov processes 
(Bellman equation). 

Our results are an extension of the results in Cvitanic, Pham and Touzi (1999). 
We present a purely probabilistic approach, which is based on a change of measure. 
The main idea of our approach is that, in a sufficiently rich probability space, 
the set of the distributions of the discounted stock price process under equivalent 
martingale measures is dense in the set of all martingale measures. We give an 
exact meaning to this statement in Lemma |8.1| 

The idea to use a change of measure for the construction of dense pricing distri¬ 
butions goes back to Kusuoka (1992). In this unpublished working paper, Kusuoka 
deals with super-replication prices of European options in the Black-Scholes model 
in the presence of proportional transaction costs. The author uses the Girsanov the¬ 
orem in order to construct a set of shadow prices such that any Brownian martingale 
(with some regularity assumptions) is a cluster point of this set. 

Several important questions remain open and are left for future research. The 
first question is whether our results can be extended to a more general setup of 
super-replication, where we super-replicate American or game options and permit 
static positions in European and American options. Recently, several papers studied 
static hedging of American options (with European options/American options) in 
a discrete-time setting, see Bayraktar, Huang and Zhou (2015), Bayraktar and 
Zhou (2015, 2016), Deng and Tan (2016), and Hobson and Neuberger (2016). The 
second question is whether one can extend the results to the case of multiple risky 
assets. It seems that our definition for fully incomplete market can be extended 
to this case as well. But in this instance, it is not clear what the game variant 
of a concave envelope and the cheapest cost of a trivial super-replicating strategy 
are. We leave the technicalities for future research. Another task is to provide an 
interesting computational example for model free semi-static hedging with finitely 
many options. This was not done so far, even for the case of one risky asset. We 
remark on more open questions in Sections and 

The paper is organized as follows. In the next section, we introduce the con¬ 
cept of fully incomplete markets and argue that a wide range of stochastic volatility 
models and rough volatility models are fully incomplete. This is proven in Sectionj^ 
In Section we formulate and prove our main results for semi-static hedging of 
European options. In Section we formulate our main results for game options. 
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Furthermore, we provide several examples for which we calculate explicitly the 
super-replication price and the corresponding optimal hedging strategy. In Sec¬ 
tion we prove our results for game options. To that end, we prove some auxiliary 
lemmas in Section In the last Section, we give an exact meaning to the density 
property of fully incomplete markets. 


2. Fully Incomplete Markets 

Let T be a finite time horizon and let (11, T^ {J^t}t=o, P) be a complete probability 
space endowed with a filtration {Jrjtlo satisfying the usual conditions. We consider 
a financial market which consists of a savings account B = {St}^Q and of a stock 
S = The savings account is given by 

(2.1) dBt = rtBt dt, Bq = 1, 

where {rtItLo ^ non-negative adapted stochastic process which represents the 
interest rate. We will assume that {rt}J^Q is uniformly bounded. The risky asset 
is given by 


(2.2) dSt = Stindt + i^idWt), 5'o > 0, 

where u = ^ progressively measurable process with given starting point 

uq > 0 satisfying v^ds < oo P-a.s., and where W = {Wt}f^Q is a Brownian 
motion with respect to the filtration {Pt}^o- 

Let C(po) be the set of all continuous, strictly positive stochastic processes a = 
■"^bich are adapted with respect to the filtration generated by W completed 
by the null sets, and satisfy: i. ao = uq. ii. a and ^ are uniformly bounded. 


Definition 2.1. A financial market given hy (2.1)-(2.2) is ealled fully ineomplete 
if for any e > 0 and any process a G C{vq) there exists a probability measure Q ^ P 
such that: 

i. is a Brownian motion with respect to the probability measure Q and the 

filtration {PrltL 


t=o- 


n. 


(2.3) Q(||a - u||oo > e) < e, 

where ||u, — u||oo := supQ<t<y \ut — Vt\ is the distance between u and v with respect 
to the uniform norm. 


Let us briefly explain the intuition behind the definition of a fully inco mplet e 
market. Consider the discounted stock price St := t G [0,T]. From (2.11- 
(2.2), we get dSt = VtStdWt- Thus, Definition 2.1 says that for a fully incomplete 
market, for any volatility process a G Civ^), we can find an absolutely continuous 
local martingale measure Q ^ P under which the volatility of the discounted s tock 
price S is close to a. In fact, using density arguments, we will see (in Lemma 8.1) 
that in fully incomplete markets, the set of the distributions of the discounted stock 
price under absolutely continuous local martingale measures is dense in the set of 
all local martingale distributions. 


Remark 2.2. Observe that the probability measure P is already a loeal martingale 
measure. Thus, by taking convex combinations of the from AP -I- (1 — A)Q where 
A > 0 is ’’small” and Q is an absolutely continuous local martingale measure, we 
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deduce the following. If Definition \2. i| is satisfied, then if we change the condition 
Q ^ P to the more restrictive condition Q ~ P 0 / equivalent probability measures, 
the modified definition will be satisfied as well. 

The main results of this paper (which are formulated in Sections [SJQ say that 
for fully incomplete markets the super-replication price is the same as for the path- 
wise model free setup. Namely, the knowledge of the probabilistic model does not 
reduce the super-replication price. We will formulate and prove this result for two 
setups. The first setup is a semi-static European options’ hedging model. The 
second setup deals with game options. 

The following Proposition (which will be proved in Section]^ provides two fam¬ 
ilies of stochastic volatility models which are fully incomplete. 


Proposition 2.3. 

I. Consider the following stochastic volatility model: 


(2.4) 


dut = aft, vt) dt + b{t, vt) dWt + eft, ut) dWt, vq > 0, 


where W = is a Brownian motion with respect to which is inde¬ 

pendent of W. Assume that the SDE {2.4) has a unique strong solution and the 
solution is strictly positive. If the functions a,b,c : [0, T] x (0, 00 ) —)■ M are contin¬ 
uous and for any t G [0,r], x > 0 we have bft,x) > 0, then the financial market 


given by \2.l^ -(2.2) is fully incomplete. 

II. Let {Et}f^Q be the usual augmentation of the filtration generated by W and v. 
Assume a decomposition vt = where is adapted to the filtration gen¬ 
erated by W, and is independent ofW. Moreover, assume that are 

strictly positive and continuous processes. If In has a conditional full support 
(CFS) property, then the market given by ^2.1\l-(K^ is fully incomplete. 


Recall that a stochastic process E = {'E,t}t=o has the CFS property if for all 

te (o,r] 

supp P(E|[t_T]|S|[o.t]) = C^fit,T] a.s., 

where Cy[t, T] is the space of all continuous functions / : [t, T] -G IR+ with f{t) = y. 
In words, the CFS property prescribes that from any given time on, the asset price 
path can continue arbitrarily close to any given path with positive conditional 
probability. 


Remark 2.4. The notion of fully incomplete markets and the CFS property are in 
general not comparable. 

It is well known that a Brownian motion with drift satisfies the CFS property. 
Hence, e.g., the log price of the Black-Scholes model satisfy the CFS property, hut 
being complete, it is clearly not fully incomplete. 

Let us give a simple example of a fully incomplete market which does not satisfy 
the CFS property. Consider a probability space which supports two independent 
Brownian motions W and W and a Bernoulli random variab le f ^ Ber (0.5) which 
is independent ofW and W. Consider the market given by (2.1)-{2.2) with r = 0 
and Vt = t G [0, T]. By looking at probability measures which are supported 

on the event = 0}, we deduce from Proposition 2.3 (by applying any one of the 
two statements) that this market is fully incomplete. On the other hand, we observe 
that it does not satisfy the CFS property. Indeed, consider the event D = {St = 
Sq Vt < T/2}. Clearly, D = {f = 1}. Hence, P(D) = P(^ = 1) = 1/2 and the 
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conditional support supp P(5'|[r/2.T] |^) contains only one function f : [T/2,T] —K 
which is defined by f = Sq. This is a contradiction to the CFS property. 

Even if we insist on strictly positive volatility, we can still construct similar 
examples that produce martingales with atoms such that, with positive probability, 
the conditional support supp P(<S'|[t/2.t]|*S'|[o,t/2]) is a finite set. This is clearly a 
contradiction to the CFS property. Thus, without adding additional assumptions 
(it is an interesting guestion to understand what these assumptions would be), full 
incompleteness in general does not imply the CFS property. 

We end this section with several examples of fully incomplete markets. 


Example 2.5. Stochastic Volatility Models. 

I. The Heston (1993) model: 


dSt = St{rt dt + VVt dWf) 
dVt = K{e -Vt)dt + dW^, 

where and {W}^} are two Brownian motions with constant correlation 

p G (—1,1). Moreover, K,0,f, > 0 are constants which satisfy 2 k 9 > . The last 

condition guarantees that U is strictly positive. Thus, applying ltd’s formula for 
vt '■= \/Ui and using the relat ions = W and = pW + y/l — p'^W, we 
obtain that v is solution of (2.4) with a{t,x) = — |^, b{t,x) = | 1 — 

and c{t, x) = |p. 

II. The Hull-White (1987) model: 


dSt = St{rt dt + VUi dW^^) 

dVt=Vt{ndt + edW}^), 


where {Wf}J^Q and {W}^} are two Brownian motions with constant correlation 
p G (—1,1) and k,9 gM. are constants. Clearly, v := ^/\5 satisfies the assumptions 
of Proposition 2.3 (part I) . 

III. The Scott (1987) model: 


dSt = St{r dt + \e^* dW^) 
dlJt = -nVtdt + edW^, 


where {Wf}JfQ and are two Brownian motions with constant correlation 

p G (—1,1) and X, k, 9 > 0 are constants. By applying ltd’s formula for v := Ae’^, 
this model can be treated as the Heston model. □ 


Example 2.6. Rough Volatility Models. 

Consider a model where the log-volatility is a fractional Ornstein-Uhlenbeck process 
(see Catheral, Jaisson and Rosenbaum (2014))- Formally, the volatility process is 
given by vt = where k > 0 is a constant and Ut = e~^* J* e^’’'dB(^. Here, 

B^ = is a fractional Brownian motion with Hurst parameter H G (0,1) 

and X > 0 is a constant. The integral above is defined by integration by parts 

[ dB(^ = -X f B(^ e^'^ du. 

Jo Jo 

Let {Ft}tLQ be the usual augmentation of the filtration generated by W and v. 

Assume that we have the representation B^ = pB^’^ + -^/l — p^B^'^ where p G 
(—1,1) is a constant and B^’^, B^’^ are independent fractional Brownian motions. 
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Moreover, assume that is adapted to the filtration generated by W. Then 

vt = where 



By Guasoni, Rasonyi and Schachermayer (2008, Proposition 4-2), fractional Brow¬ 
nian motion has the CFS property. This together with Pakkanen (2010, Theorem 
3.3) gives that has the CFS property. Thus, as the assumptions of the second 

statement in Proposition\2.3^ hold true, the market is fully incomplete. □ 


3. Semi-static Hedging 


In this section, we deal with the super-replication of European options. As the 
exercise time of the European options is fixed (compared to game options), then for 
deterministic interest rates, it is possible to discount the asset price and the payoffs 
of the European options. Therefore, for that case, we can directly assume without 
loss of generality that the interest rate is r = 0. For stochastic interest rate, writing 
the discounted payoffs of European options in terms of the discounted asset price 
is not always possible, and even when possible the new payoff function can loose 
its continuity. Thus, in the case of stochastic interest rate, the assumption r = 0 
is not natural. However, to make things simpler, we assume in this section that 
r = 0. 


Denote by C\f),T] the space of all continuous functions / : [0,T] —>• K equipped 
with the uniform topology. Consider a path-dependent European option with the 
payoff X — H{S), where H : C'[0,r] —K is a bounded and uniformly continuous 
function. We assume that there are iV > 0 static positions which can be bought at 
time zero for a given price. Formally, the payoffs of the static positions are given by 
Xi = hfS) where hi,...,hpj : C'[0,T] —>■ K are bounded and uniformly continuous. 
The price of the static position Xi is denoted by Vi. Therefore, the initial stock 
price So and the prices Vi, ...,Vn of the options hi, ...,hN are the data available in 
the market. 

First, consider the case where the investor has probabilistic belief, modeled by 
the given filtered probability space (H, P) introduced before. In this 

setup, a hedging strategy is a pair tt = (0,7) where c = {co,...,cn) x and 

7 = {7t}^o is a progressively measurable process with jfvfSf dt < 00 P-a.s., 
such that the stochastic integral f jdS is uniformly bounded from below. The 
corresponding portfolio value at the maturity date is given by 

N 


= Co + ^ CihfS) + / ludSu. 

do 


The initial cost of the hedging strategy tt is 

N 

(3.1) C(n) = cq p'^CiVj. 

i=l 

A strategy tt is a super-replicating strategy if 


Zlf>H{S) P-a.s. 
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Then, the super-replication price is defined by 

^hi ~ iiif{C'( 7 r) : TT is a super-replicating strategy}. 

Next, consider the case where the investor has no probabilistic belief, just the 
market data given as information. Such an investor is modeled via the robust 
hedging approach. Let {Stj^Q be the canonical process on the space C'[0,T], 
i.e. St(u!) = oj G C'[0,r]. Consider the corresponding canonical filtration 

Ft = (t{S„ : u<t}. Denote by M the set of all probability measures Q on C'[0,r] 
such that under Q, the process {Stj^Q is a strictly positive local martingale (with 
respect to its natural filtration) and So = S'o Q-a.s. 

In the robust setup, a hedging strategy is a pair tt = (c, 7 ) where c G and 

7 = { 7 t}^o adapted process ( w.r.t. the canonical filtration) of bounded vari¬ 
ation with left-continuous paths such that the process f jdS is uniformly bounded 
from below, where here, we define 

[ lud^u ■= 7t§t - 70^0 - f ^td'jt 
Jo Jo 

using the standard Stieltjes integral for the last integral. The corresponding port¬ 
folio value at the maturity date T is given as before by 


N T 

^t(^) = Co -I- 'y ) Cihi{S) + I 7tj 

i=i -^0 


Moreover, as before, the cost of the hedging strategy tt is given by (3.1). The 
robust super-replication price is defined by 


= inf{C(7r) : Btt such that ZJ(S) > iL(S) VS strictly positive, Sq = S'o}. 


The following theorem says that if the financial market is fully incomplete, then 
the corresponding super-replication price is the same as in the model free setup. 
Namely, for fully incomplete markets the knowledge of the probabilistic model does 
not reduce the super-replication price. 


Theorem 3.1. A ssume that the financial market given by {St}^o incom¬ 
plete. ThenV^^ j^^{H) = (might be - 00 ). 

Proof. Clearly, ^ (H) < and so we need to establish the in¬ 
equality > Vh,,...,hj^{H). 

For a measurable function H : C'[0,r] —>■ K denote by V^{H) and V{H), the 
classical (i.e. w.r.t. the probabilistic belief P) and the robust super-replication 
price of the claim H{S) for the case = 0, respectively. Denote by Q the set of all 
probability measures Q P such that {Wt}J^Q is a Brownian motion with respect 
to Q and the filtration {Pt}t=o- 

For any hedging strategy tt = (c, 7 ) and Q G Q, the stochastic integral 


f ludSu= [ luVuSudWu, tG[0,r] 

Jo Jo 

is a loc al m artingale bounded from below, hence a supermartingale. Thus, from 


Lemma 


8.1 


and the fact that H{S) — X]i=i Ci^i(5') is a bounded and continuous 
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function, we get 


/ JV iV s. 

.'»<"> = „. 

^ i—\ i—\ ^ 

. N N . 

> inf ( aVi + sup Eq[H{S) - Cihi{S)] ) 

(ci.....c«)gR« Vs Qee J 

. N Ns 

> inf ( yy CiVi + sup EQ[i?(S) - ^ Ci/ii(S)] ). 

By applying Hou and Obloj (2015, Theorem 3.2) for the bounded and uniformly 
continuous claim H{S) — Cihi{S), we obtain 


(ci 


, N w . 

inf ( CiVi+ sup EQ[i7(S)-y^ Ci/ij(S)]) 

,....Civ)GR~ VS ' 


= inf 

(ci ..,CiV 

= Vh,,_hAH) 


N N 

y] QiP, + F(i/- y], 


and the result follows. 


□ 


Next, we prove for the probabilistic model that there is an optimal super- 
replicating strategy, i.e., a strategy which achieves the minimal cost. To this end, 
we need an additional assumption which rules out an arbitrage opportunity, i.e., a 
case where ~ = —oo. Thus, as in Hou and Obloj (2015) 

(see Assumption 3.7 and Remark 3.8 there) we assume the following. 

Assumption 3.2. There is e > 0 such that for any {yi, ...,yN) G 

we can find a probability measure Q G A4 for which EQ[hi(S)] = yi, i = 1,..., N. 


Theorem 3.3. Consider the super-replication problem on the filtered probability 
space (H, P) described above. If Assumption 3.2 holds true, then there 

exists a super-replicating portfolio strategy tt such that C{tt) = ^^(i7). 


Proof. Let = (c*^"V7^*^^), n > 1, be a sequence of super-replicating strategies 
for which lim„_>oo Clearly (H) < \\H\\^. Hence 

without loss of generality, we assume that for any n, < ||i7||oo + 1- Let 

us prove that the sequence G n G N, is bounded. Choose n G N. We 

deduce from Assumption |3.2| that there exists a probability measure Q G M. such 
that for any i = 1,... ,N, 


EQ[h,(S)] 


Vi-e if c^^ > 0 

n + e if 4”^ < 0. 


Lemma |8.1| implies that there exists a probability measure Q G Q such that 
EQ[hi(S')] < Vi — e/2 if c-"^ > 0 and EQ[/ii(S')] > Vi + e/2 if c-"^ < 0. Thus, 
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using the supermartingale property of each f 7 ^”^ dS under 
(3.2) \\H\\oo + l>Ci7r^^'>) 


we obtain 


> 


■EqE 


N N 

2=1 


Jo 


> -\\H\ 


From (|3.2l), we derive that |c-^^| < 


0 

IE kS-' 

^ 2 = 1 


N 

lEi 


,(")i 


2(l+2||g||c 


for all n S N, i = 1,..., iV. More¬ 


over, by applying (3.2) again we get that Cg is uniformly bounded (in n). We con¬ 
clude the uniform boundedness of as required. Thus, there exists a subsequence 
(for simplicity we still denote it by n) such that lim„_>oo = c = (cq, ..., cat). 

Next, we apply the Komlos theorem. Set Zn = n G N. Clearly 

Zn > H(S) — Co — Cihi(S) and so the sequence Z„, n S N, is uniformly 

bounded from below. Thus, by Delbaen and Schachermayer (1994, Lemma A 1.1) 
we obtain the existence of a sequence Zn G conv(Zn, Zn+i, ■■■■), n G N, such that 
Zn, n G N, converges a.s. Denote the limit by Z. Using the fact that the set of 
random variables which are dominated by stochastic integrals with respect to a local 
martingale is Fatou closed, see Delbaen and Schachermayer (2006, Remark 9.4.3), 
we can find a trading strategy 7 = {'jt}t=o such that /g judSu, t G [0, T] is uniformly 
bounded from below and ^tdSt > Z. Finally, we argue that tt := (c, 7 ) is an 
optimal super-replicating strategy. Clearly, C{tt) = lim„_>oo C{'Kn) = [H)- 

Moreover, it is straightforward to see that jtdSt > Z > HiS) — Co — J2^i ^iK{S) 


a.s., and the result follows. 


□ 


Remark 3.4. A priori, it seems that we used a weaker assumption than As¬ 
sumption 13. SI Indeed, we only used that there exists e > 0 such that for any 
(ji,...,jjv) G {—1,1}^ there exists a probability measure G A4 for whieh 

EQji ~ +£Ji) * = However, by taking convex combinations 

of such probability measures, we see that the weaker condition is in fact equivalent 
to Assumption \3.S\ 

Remark 3.5. Let us remark that for the model free hedging, the existence of a 
super-replicating strategy with minimal cost is an open question. 


Remark 3.6. Usually, the common static positions are call options. However, due 
to the Put-Call parity, we can replace the call options by put options and hence 
hi,...,hff can be assumed to be bounded. A natural question is what if H is un¬ 
bounded, for instance if H{S) = ma.xo<t<T St is a lookback option. In this case we 
can show that if hi,..., h]\[ are bounded, then for fully incomplete markets the super¬ 
replication is infinity. Namely, if the static positions are bounded, we cannot super- 
replicate a lookback option. Thus, in order to have a reasonable super-replication 
price, we need to assume that one of the hi is unbounded as well. For instance we 
can take a power option hi(S) = S^, p > 1. In this case Theorem 


3.1 


is much more 
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delicate and in particular, requires some uniform integrahility conditions. Thus, the 
question whether Theorem\3.1\ can be extended to the unbounded case remains open. 


4. Hedging of Game Options 

In this section, we deal with the super-replication of game options. Consider a 


financial market which is given by (2.1)-(2.2). We assume that Definition 2.1 holds 


true, i.e., the market is fully incomplete. 

Consider a game option with maturity date T and payoffs which are given by 

Yt = hiSt) and W = hiSt), t G [0,T], 

where fi, f 2 '. K-i- —t K-i- are continuous functions with /i < / 2 . In addition, we 
assume that there exists L > 1 such that for all x,y > 0 

Mx) , fi{y)' 


(4.1) 


\fiix) - fi{y)\ <L\x-y\[l 


y 


i = l,2. 


The condition (4.1) is weaker than assuming Lipschitz continuity, and allows to 


consider Power options (in addition to e.g. call and put options). We deduce from 
(4.1) that for any a; > 0 


fi ( ...^^ . X 1 < 2 


-a; -I- 1 -f 


\ ' 2L-1 

For fi{x) := max(a;, fi{x)), z = 1, 2 we obtain 


fi{x) 


i = 1 , 2 . 




2L 


< 2 


-kl-k 


f ^ 8 L - 2 » 

Mx) = 777 — tMx) 


2L-1 J - \2L-1 2L-1J ^ ' 2L-V 

'' f / \n —1 / \ n 

and so fi{x) < maxo<y<i My) for < a; < j , n G N. 

We conclude that there exists L,N > 1 such that for any a; > 0 
(4.2) Mx) < Mx) < L{l+x^), i=l,2. 

Next, we introduce the notion of hedging. Recall = ^, t G [0, T], the discounted 


stock price, which by ( 2 . 1 )-( 2 . 2 ), has dynamics dSt = vtStdWt. A self financing 


portfolio with an initial capital 2 : is a pair tt = ( 2 , 7 ) where is a progres¬ 

sively measurable process which satisfies jfvfSf dt < 00 a.s. The corresponding 
portfolio value is given by 

(4.3) = + dSu'^ = Bt yMSu^u dw}j , t G [0,T]. 

As usual for game options, a hedging strategy consists of a self financing portfolio 
and a cancellation time. Thus, formally, a hedging strategy is a pair (tt, a) such 
that TT is a self financing portfolio and cr < T is a stopping time. A hedging strategy 
(tt, a) is super-replicating the game option if for any t G [0, T] 


(4.4) 


YtA.iT ^ f 2 iScr)^cT<t + /l(*S't)It<CT a.s. 


The portfolio value process {ZMt=o continuous and so, if (4.4) holds true for any 
t G [0, T], then 

p(Vf G [o,r],z,v > + fi{St)it<iT) = 1 . 
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A hedging strategy (tt, tr) will be called trivial if it is of the form 

(4.5) 7 = 7 o, and a = inf{f : St ^ D} A T 

where Z) C M is an interval (not necessarily finite). 

Define the super-replication price 

V = inf{Zg : 3 hedging strategy (tt, cr) super-replicating the option}. 

Also, set 

V = infjZJ : 3 trivial hedging strategy (tt, cr) super-replicating the option}. 

Clearly the investor can cancel at cr = 0 and so C < V < f 2 {So)- 

Introduce the set El of all continuous functions h : (0,c») —)■ K such that /i < 
h < f 2 and h is concave in every interval in which h < f 2 . We deduce from Ekstrom 
and Villeneuve (2006, Lemma 2.4) that there exists a smallest element in El and 
which is equal to 

q(x) := inf h(x). 

Throughout this section, we will assume the following. 

Assumption 4.1. At least one of the following conditions hold, 
i. The interest rate is zero, i.e., r = 0. 

a. For the initial stock price Sq we assume that if g^So) < f 2 iSo), then 

g{So) - Sod+g{So) > 0, 

where d+g{So) is the right derivative at Sq (which exists because g is concave in a 
neighbourhood of Sq). 

In Subsection |4.1[ we analyze in details the second condition in Assumption |4.1| 
In particular, we will see that it is satisfied for most of the common payoff functions. 
Next, for any x € K+ introduce the open interval 

Kj; = (supjz < X : g{z) = f 2 {z)}, infjz > x : g{z) = f 2 iz)}) 

where as usual, supremum and infimum over an empty set are equal to —oo and 
oo, respectively. Define the stopping time 

a = inf{t : St ^ ATsJ A T, 

where we set ct = 0 if the set Ksg is empty (where (a, a) := 0 for any constant 
a G M). 

The following theorem is the main result of this section. It says that in fully in¬ 
complete markets, the super-replication price of a game option is the cheapest cost 
of a trivial super-replication hedging strategy, which can be calculated explicitly. 


Theorem 4.2. The super-replication price of the game option introduced above is 
given by 

Y = V = g{So). 

Furthermore, define the buy-and-hold portfolio strategy it = {g{So),j) by 


7 = 


5+5(5o) 

0 


*/ 5(^o) < /2(5o), 

otherwise. 


Then {it, o') is the cheapest hedging strategy super-replicating the option. 
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Proof. As V > y, Theorem |4.2| will follow from the inequality 


(4.6) 


V > g(So) 


and the fact that (tt, ct) is a super-replicating strategy. Inequality (4.61 is the 
difficult part and will be proved in Section The fact that (tt, a) is a super- 
replicating strategy is simpler and we provide its proof here. 

First, if g{So) = / 2 (>S'o), then the statement is trivial. Therefore, assume that 
o(S'o) < f 2 (So)- Let t G [0,T1. Observe that on the event a < t, g(Sa) = f 2 iSa)- 
it follows that if ^ > 1 then g{So) - Sod+giSo) > 0. This 

yields 


From Assumption 


4.1 


together with the fact that g is concave in the interval ATs, 

^tAo- 


(4.7) = 


Bo 

> 9{So) 


{g{So) - Sod+g{So)) + d+giSo)StAa 
+ d+g{So){StAa - So) > g{StAa) > f2{Sa)la<t + fi{St)lt<c 


□ 


Remark 4.3. Let us notice that if.l) holds true pathwise, and hence the hedging 
strategy (tt, a) is a super-replicating one in the model free sense. Thus, from The- 
orem \4.^ we conclude that for fully incomplete markets the super-replication price 
coincides with the model free super-replication price. 

Remark 4.4. In Example lf.Tl we will see that without the second part of Assump- 

may 


tion f.l the hedge {it, o') may not be super-replicating, and so Theorem 4.2 


not hold true. 


4.1. Examples. In this subsection, we give several examples for applications of 
Theorem 4.2 In the case where both fi and /2 are convex, we can calculate g{So) 
and d+g{So) explicitly. To this end, we assume throughout this subsection that fi 
and /2 are convex functions. Set 


(4.8) 


A = 


inf {y > 0 : B(y)-Mo) < if /^(q) < /^(O) 

0 if MO) = MO), 


as well as 


B(A}^^lA<oo+OOlA^a 

d+MO) 


if /i(0) < MO) 
if M0) = M0). 


Moreover, set 


m := lim 9+/i(t), 

t—>-oo 


p := inf{f : d+Mt) > m}. 


Observe that the terms A, j3, m, p can take the value oo. Moreover, if m = oo, then 
limt_,.oo d+Mt) = oo as well. In this case, from the convexity of /2 


lim Mt) - td+Mt) < lim / 2 ( 1 ) + {t - l)d+Mt) - td+Mt) = 

t—yoo r—>-oo 


Thus A, ft < oo. We conclude that in any case (3 Am < oo. 

Define the function g : ]R_|_ -+ IR_|_ by 
(4.9) 

- I + /3x)Ma + f2(x)lA<a,<p + (/2(p) + m(x - 

^ ~ { fi(0)+mx 


P))^x>p 


— OO. 


if /? < TO 
if m < jd. 
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Lemma 4.5. If both f\ and /2 are convex, then the function g defined in (4.9) is 
the minimal element in H. 


Proof. By definition, we see that G H. Denote by gmin the minimal element of 
H. Then, gmin{0) = /i(0) = 3(0). Assume by contradiction that there exists x > 0 
for which gmin{x) < g(x). Set, 

y = inf{t < X : gmin{t) < 3(t) on the interval {t,x)} 


and 

z = supjt > X : gmin{t) < g(t) on the interval {x,t)}. 

By continuity of gTnin,g, we have y < x < z. By definition of H, gmin is concave 
on I := {y, z) as gmin < 3 < /2 on /. Observe that g is convex on K_|_. Therefore, 
if z < oo we would get that g — gmin is a convex function which is strictly positive 
on I and satisfies g{z) — gminiz) = g{y) — gminiu) = 0. But this is not possible and 
we conclude that z = oo. Thus, gmin < /2 on J = {y, oo) and so gmin is concave 
on {y,oo). This together with the fact that gmin > fi gives inft>y > 'rn. 

We derive from (4.9) that supj^Q d+g(t) < m. Thus, gmin — 3 is non decreasing in 
the interval {y, oo), and so from the equality g{y) — gminiv) = 0 we conclude that 
dmin > 3 on {y,oo), this is a contradiction. □ 


We obtain from (4.9) that if the initial stock price satisfies Sq < p, then the 


second condition in Assumption |4.l| is satisfied. In particular, if p = oo this holds 
true trivially. Observe that 


p = oo supi9+/i(t) = sup5+/2(t). 
t>o t>o 

This brings us to the following immediate Corollary. 


Corollary 4.6. 

If at least one of the below conditions holds: 

i. / 2 (x) = fi{x) + A for some constant A > 0 (i.e. constant penalty), 

ii. sup(>g 5+/2(t) = 0 (for instance Put options). 

Hi. supoQ 9+/i(t) = oo (for instance Power options), 
then the second condition in Assumption\). 1\ is satisfied. 


Next, we give several explicit examples for applications of Theorem |4.2[ Given 
fi{x) convex, let / 2 (x) = c/i(x) + A, where c > 1, A > 0. Recall the game trading 


strategy (tt, a) which was defined in Theorem 4.2 


Example 4.7 (Call option). Let K > 0 be a constant. Consider a game call option 
fiiSt) = (St - K)+, hiSt) = c{St - K)+ + A. 

We distinguish between two cases. 

(1) A < K: In this case. 


( K if A>0 
10 */ A = 0, 


J oo if c = 1 
\ K if c > 1. 


(3 = ^ < m = 1 and 
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Thus, see Figure [7^ and Figure \1I]\ we have 

giSo) = —So Iso<-fs' + (-So - + A) lSo>K- 

Moreover, 

(a) If So < K, then 

(tt.ct) = I I 

(b) If So > K, then 


i§So, f), ini{t :St=K}AT) tf A > 0 
(0,0), 0 */A = 0. 


{it, a) = 


'{So-K + A,0),0^ if c=l 

{So-K + A,l),inl{t-. St= K} AT^ ifc>l. 


Observe that for the case c > 1 and Sq > K, the second condition in 
Assumption \4.1\ is not satisfied. Thus, in order for Theorem 14 to 
hold true, we need to take the interest rate r = 0. Indeed, for r > 0 
we get that the portfolio value of it equals Zf = St — ^{K — A). It 
follows that if ^ {K — A) > K then Zf < St — K, and so (tt, a) is not 
a super-replicating strategy. 

(2) A > K: In this case A = K, (3 = ^>m=l. Thus, see Figure 


have g{So) = So. Moreover, = ((So,l),T). 


nil 


we 



(I) If A > 0, A < A" 



(II) If A = 0, c> 1 


Figure 1. Call option 



(III) If A > x 


Example 4.8 (Put option). Let K > 0 be a constant. Consider a game put option 
h{St) = {K- St) + , f 2 {St) = c{K - St)+ + A. 


We distinguish between two cases. 

(1) A < K: In this case A = K, j3 = < m = 0 and p = oo. Hence, see 

Figure\^ and Figure [^7/| the super-replication price is 

g{So) = [k -—— S'o^ ^So<K + A1 so>k- 


(a) If So < K, then {iT,a) = {{K-^So,-^), inf{t : St = K} AT). 

(b) If So > K, then (it, a) = ((A,0),0). 
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(2) A > K In this case, 


A K if A = K 
00 if A > K, 

and 

r 0 zf A = K 
^ oo if A > K. 

Thus l3 > m = 0. Hence, see Figure \2JT^ the super-replication price equals 
g{So) = K, and (^, ct) = {{K,0),T). 

In the Put-case, the super-replication price is independent of the scaling factor c > 1. 



Figure 2. Put option 


Example 4.9 (Power option). Let p > 1 and consider the game p-th power option 
h{St) = Sf, f 2 iSt) = cSf + A. 

( A \ / A 

We have p = m = oo and when A > 0, A = ( j , jd = cpi c(^i) ] 

Thus, see Figure and Figure \3II\ the super-replication price equals 
g{So) = pSo lso<A + {cSP + A) 


The cheapest super-replicating strategy is given by: 

If Sq < A, then (tt, a) = ((/3*S'o, P)^ inf{t : St = A} A T). 
If So > A, then {tt, a) = {{cSq + A, 0), O). 




Figure 3. Power option 
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5. Proof of Proposition 12.3 


Proof. Let a S C(po) and e > 0. We will show (for both set-ups I and II) that there 
exists a probability measure Q P such that the properties of Definition |2.I| hold 
true. 

I. There is a constant C > 0 such that ^ < a < C. Without loss of generality we 
assume that e < 2 ^- Define the stopping time 

0 = inf{t : lot — Ptl > e} A T. 

Clearly, 

From the assumptions on the functions a, 6, c, we get that there exists a constant 
C > 0 such that 


(5.1) 


sup 

O<i<0 


\a{t,i't) \ + |&(t,Pt)l + |c(i,t't)| + 


1 


< C. 


Fix n > For k = 1 ,..., n, let 


pkT/n 

Ik = a{t, vt) dt + 

J{k-l)T/n 

Jk = UkT — Q, (fc-l)T . 


f-kT/n 


(k-l)T/n 


c{t,vt)dWt, 


Introduce the function $(a;) = —V (x A n^), a: G R. Let {7t}t=o 

the unique stochastic processes which satisfy the following (recursive) relations: 

Wt = Wt+ [ 7 „ du 


where 7 t = 0 for t < —, and for k = 1, ...,n — 1 


7i = ® 


b{t, ut)T 


\Jk Ik I 
^ J(i 


kT/n 


(fc-l)T/n 


h(u, Vu) dW^ 


n n 


The process {'yt}f=o is uniformly bounded, thus we deduce from the Girsanov the¬ 
orem and Novikov condition that there exists a probability measure Q ~ P (which 
depends on n) such that {(IFt, IFt)}^o is a two dimensional standard Brownian 
motion with respect to Q and the filtration 

For any fc = 1,..., n, denote Lk = b{b, vt) dWt and introduce the event 

Ah = {kT/n < 0} n {|4| + |Lfc| > 1} . 

Clearly, for any k = 1,..., n 

fkT/n 


pkTjn pKi / 71 

lkT^Q\Ik\< / lt<ea{t,i't)dt + / It<ec(t,Pt) 

" J{k-l)T/n J(k-l)T/n 


dWt 


(k-l)T/n 


This together with (5.1) and the Burkholder-Davis-Gundy inequality yield that for 
any p > 1 there exists a constant Cp > 0 such that 


(5.2) 


Ec 


%<el4r] <2P(^{CT/n)P + Cp{C^T/n 
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Similarly, 





pkT fn 

P 

(5.3) Eq 

%<el^fcr 

< Eq 

/ \<0b{t,’^t)dWt 




J{k-l)T/n 



< Cp{C^Tln)P/^. 


By applying the Markov inequality and (5.2)-(5.3) for p = 4, we obtain 
(5.4) 


:u^=i Ak)<J2^{A,)< 


k=l 


for some constant c (independent of n). 

Next, let fc < n and kT/n < t < (fc + l)T/n. Consider the event 


U := {t < Q}\ ((^ Aj) U ( max \a. 

^ |ii— 


u I ^ 1 


Recall the constant C from (5.11. As n > we get on the event U that for any 
u < t 

. -^m) r TflT (fTl -h 

= —- rpr ——for - <u< -, 

1 n n 

where we set Iq = J{) = Lq = 0. Thus, on the event U we have 

k k—l 

UkT^ ^ ^ l^m T Jm] T ^ ^ [Jm ~ ^hZ.<^Q{^k T 


m—1 


m—1 


as well as 






Ut — IXkT 1 < 

/ I„<0 a{u, Vu) du 

+ 

1 2u<0 5 ( 1 /, r'li) dWu 

rr 

JkT/n 


JkTjn 


[ ^u<Q c(u,Vu) dWu + (|</fe| + + |.Cfc|). 

JkT/n 


We conclude that on the event U := fl \ Aj) U (max 


\u—v\<^ 


\^U ^v\ ^ 1 


(5.5) 

sup \at-vt\ 
o<t<e 


< 


max |q;„ - a„| + 2 max (lM;<e (|>//c| + |4| + l-b/d)) + max (r^ + + A^) 

_ 7 ;|<Z l<fc<n \ ^ / l<fc<n 

+ 2 max {\Ik\ + + max + A^), 

l<fc<n \ ^ J l<fe<n 


|n—^ 

< 3 max |a„ — 
where 


Tk = max 

(k-l)T/n<t<kTln 

T^. = max 

{k-l)Tln<t<kT/n 

Ak = max 

(k-l)Tln<t<kT/n 


l{k-l)T/n 

f 

l(k-l)T/n 

f 

l{k-l)T/n 


Iu<e a{u, Vu) du 


I„<e b{u, Vu) dWu 


4<0 c(7r, Vu) dWu 
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Similarly to (|5.2 )-( |5.3| ), we get that 
max {Tk + Tfc + 

l<fe<n 


Er 




k=l 


for some constant c. Thus, from the Markov inequality we get that for sufficiently 
large n 


(5.6) 


( max [Tfc 

\^l<fe<n 


Tfc+Afcl>- <-. 


Similarly, (5.2 )-(5.3|) give that for sufficiently large n 
(5.7) 


2 max 

l<fc<n L 


Ii^<0(|4| + \Lk\) 


> 


e 

<5- 


The stochastic process a is progressively measurable with respect to the filtration 
generated by W, thus the distribution of a under Q is the same as under P and so, 
for sufficiently large n 


(5.8) 


3 max \au — a„| > - 

\u—v\<^ 3^ 


< 


Finally, by combining (5.4|-(5.8), we obtain that for sufficiently large n, 
||a - J^lloo > e) 


< 


A,)U( max 

^ h/,—-?; < 




\u—v\<^ 


i))+q(( 


sup \at -Vt\=f- 
o<t<e 


)ni7) 


c e 3e 

— - 

n 5 5 


as required. □ 

II. Consider the continuous stochastic process (pt = In at — lni/(^\ t G [0,T]. Fix 
(5 > 0. Choose n € N sufficiently large such that 


(5.9) 

For /c = 0,n — 1, define the events 


( max \(j)u - fpv] > ^] <S. 
^ I?/, —Ill < — ■' 


Ah = 


max I Int'P^ — — (nt/T — k)((j)i^ — (t> (k-i)T )\ < — 

fcT/n<t<(/c+l)T/n VT n Ti 




where we set (j)_T = (pQ. First, we argue that for any k 
(5.10) P(ifc I J'm;) > 0 a.s. 

Denote by {Gf}^Q the usual augmentation of the filtration generated by By 
our assumptions, is independent of W and p. This, together with the fact that 
is the usual augmentation of the filtration generated by W and yields 

P (^Ah\J^ kT ^ = T fdl (fc-l)T ,pkT, a.S., 

where T : K x K x C+[0,T] —?> M is a measurable function satisfying a.s. 


'I'(m, V, = P 


max I In — In i/fcT ~ (nt/T — k)(v — u)\ < — \GkT ). 

kT/n<t<ik+l)T/n' ‘ ^ ^ n' 


It is assumed In satisfies the CFS property with respect to its natural filtration. 
We deduce from Pakkanen (2010, Lemma 2.3) that In satishes the CFS property 
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with respect to the usual augmented filtration {Gt}^Q, as well. Therefor e, we 
obtain that ^'(u, u, > 0 P-a.s., for any € K, hence we conclude that (5.10) 
holds true. 

Next, define the continuous martingale Z = {Zt}^g by Zg = 1 and 


Zt 




t G {kT/n, {k + l)T/n], 


0 < fc < n — 1. 


There exists a probability measure Q P such that = Zt, t G [0,T]. Let 

us prove that (for sufficiently small i5 > 0), Q satisfies the required properties. Fix 
k < n and t G [kT/n, (k + l)T/n]. On the event Z* ^ 0, using that VF (fc+i)T — Wt 

is independent of Tt and yields 

pQ {w (,k+i)T — Wt I = -^Ep ^Z (fc+i)T (W (,k+i)T — Wt) I Tt^ 

— -^-Ep fl ;i (W(k + l)T — Wt) I 

P{Au\Tt) V 

= 0 . 


Thus, for any k <n the stochastic process ^ Q-martingale, and so 

W = {Wt}f^Q is a Q-martingale. As Q <C P, we conclude that {W)t = t, Q-a.s. 
This together with Levy’s characterization theorem yields that IT is a Brownian 
motion with respect to Q and {Tt}t=o- 

We arrive to the final step of the proof. Consider the event 


A := 


n—1 

n a) n { 


i=0 


max [(bu — <t‘v\ < 5 


}■ 


The stochastic process (f) is adapted to the filtration generated by IT; in particular, 
4> is determined by {lTt}^g. Hence {W is a Brownian motion under P and Q), the 
distributions of </> under P and Q are the same. This, together with (5.9) and the 
fact that Q(nr=o^ ^0 = ^ yields 


(5.11) Q(A)=q[ max |(/)„ - ^«| < <5) = p( 
1^—1;|< ^ z 


max \(t>u — 4>v\ ^ b] > 1 — (5. 
\u-v\<^ ) 


Next, let A: < n and t G [kT/n, {k + l)T/n]. Observe that (/>o = Inz/g^^ Thus, we 
have on the event A 

I In z/i - In I = I In - (jyt \ 


k-l 

2=0 


^ (i+l)T 


iT 


+ 10 ^ - (/) (k-i)T I -I- [(/t - - Ini/^l 

Sk d 

< -1-2(5-1-1-5-1- (nt/T — k)6 

n n 

< 65. 


From the inequality 

\e^-ey[ < - ?/l < |x - j/l x,yGM. 
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we conclude that on the event A, (take x = In at, y = Invt) 

sup |at - < 6^e®‘^||a||oo- 

0<t<T 


This, together with applying (5.11) for sufficiently small J > 0 (recall that a is 
uniformly bounded) we get Q ( ja — |oo < e) > 1 — e, and the proof is completed. 

□ 


6. Proof of Theorem 14.21 

In this section, we finish the proof of Theorem|4.2|by showing that the inequality 


(4.6) holds true. It suffices to show that for any super-replicating strategy {Tr,a) 
we have the inequality 

(6.1) > g{So). 

To this end, let (tt, a) be a super-replicating strategy. Choose e > 0. The stochastic 
process {rt}^g is uniformly bounded, thus there exists T < T such that 


( 6 . 2 ) 


rt dt < e. 


Let {Gt}t=o be the filtration generated by W and completed by the null sets. Denote 
by Tt the set of all stopping times with respect to the filtration with values 

in [0, T]. By Corollary 7.3 there exists a stochastic process a G C(r'o) such that 


(6.3) 

where 


inf Ej 
CSTt 


/ 2 (s[“))Ic<T + /i(S^“))Ic=t1 > g{So) - e, 


j(a) 


= Soe-fo Jo ^ g 


Choose 5 > 0. The financial market is fully incomplete. Hence by definition, we 
obtain a probability measure Q <C P such that 

(6.4) Q(||a - i/||oo >5) <5 

and that IP is a Brownian motion with respect to Q and {.PtItLo- 

Define the stopping time t = inf{t : \at — t^t\ > <5} A T and denote tt = (Zq,j). 
From (4.3)-(4.4), it follows that the stochastic integral 

ptA<7 

/ JuSui^udWu, t G [0,T] 

Jo 

is uniformly bounded from below, and so it is a supermartingale with respect to 
the probability measure Q. Thus, from (|4.3|)-(|4.4|) 


Eq 

and so from 
(6.5) 

Clearly, 


Bn 


B. 


if2{S^)Ia<r + fl{Sr)lr<c 


< Er 


Bn 


B. 


ctAt 

, we conclude that 

e^Z^ > Eq [f2{S^)la<r + fl{Sr)lr<.] ■ 


<zs, 


At - Vt\dt < (5(2||a| 


■5)T, 
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and from Ito’s Isometry 


Er 




< S^T. 


Thus, from the Markov inequality we get for sufficiently small <5 


( 6 . 6 ) 


\at - Vt\dt + 


{vt - at) dWt 


> 2\/5 I < c-\/(5 


for some constant c > 0 (which may depend on the chosen e > 0). The SDE (2.2) 
implies that 


From (6.2) and (6.6) we get that for sufficiently small 6 

I In - In I > 2e) < cVS. 


(6.7) 


Now, we arrive at the final step of the proof. Set 

a = aAT, X= sup / 2 (si“)), 

0<t<T 


and introduce the event U = (r < T) U (| InS'^Ar — InS^A^I > 2e). We deduce from 
(2.4) that 

(6.8) 11„. - 1„,| < 2, ^ /,(ri > ~ . -1.2. 


From (6.5) and (6.8) we obtain 

(6.9) > EQpavc/ (/2(^a)Ia<T + /i(5T)Ia=T)] 


> 


Er 


> 


1 - L{e^^ - 1 ) 

1 + L(e2<^ - 1) 
L{e^^ - 1 ) 

~ 1 + L(e2'^ - 1) 

1-L(e2^-1) 

Er 


M\c/ 


(/2(si“^)Ia 


Eo[S 


(“)i 


/2(si“>)Ia<T + /i(SV“0l^=i 


<T + /i(Sx ^)Ia=T 


2(“) 


1 + L(e2<= - 1) 

1-L(e2--1) LSoje^^ - 1) 

1 + L(e2^-I)®®f ^ ^ 1 + L(e2^-1)' 


The growth condition (4.2) implies that Edj)^^] < oo. Observe that (r < T) C 
(lla —J^lloo > i^)- Thus, from the Cauchy-Schwarz inequality, (6.4) and (6.7), we get 
that for sufficiently small (5 > 0 


( 6 . 10 ) 


E, 


?[Ic/X] < (Eq[x2])^/" (<5 + cV^) 


1/2 


< e. 


Finally, we estimate Eq / 2 (S~“^)Ia<T + /i(St ^)Ia=T • Denote by T the set of all 

stopping times with respect to the filtration with values in [0,T]. The 

stochastic process kF is a Brownian motion under the probability measure Q and 
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the filtration Thus, from the Markov property of Brownian motion, the 

fact that a is adapted to the filtration {Gt}'tLo, d S T and (6.3), it follows that 


Er 


/2(si“))Ia<T + /i(SV“0la=T 


iia)\ 


> inf Ef 
C6T 

= inf Eq 
CSTt 

= inf Ep 
CSTt 

>9{So) - 


/2(s[“))Ic 


<T 


/2(S[“^)IC<T 


-/i(SV“0lc=T 

+ /l(S^“' 


T )IIC=T 


/2(S[“^)Ic<T + /l(S^p“))IC=T 


This together with (6.9)-(6.10) gives 




° - 1 + L(e2^ - 1) 

and by letting e | 0 we obtain (|6.1|) . 


1 + L(e2'^-1) 1 + L(e2"-1)' 


□ 


Remark 6.1. A natural question is whether for game options with path dependent 
payoffs the model free super-replication price is equal to the price achieved in fully 
incomplete markets (see Remark 4-3). In order to answer this question we should 
develop a dual characterization for the super-replication price of path dependent 
game options in a model free setup. This was not done so far. 


7. Auxiliary lemmas for the proof of Theorem 14.21 


The goal of this section is to establish Corollary |7.3| which provides a connection 
between the function g (which is the game variant of a concave envelope) and the 
left hand side of (7.6) which can be viewed as an optimal stopping problem under 
volatility uncertainty. 

Consider the probability space (fl, P) and the filtration {Gt}t=o generated by 
the Brownian motion {Wt}J^o, completed by the null sets. For any u G [0,T] we 
denote by Tu the set of all stopping times with respect to the filtration {Gt}t=o 
with values in [0 ,m]. For any x > 0 and any (sufficiently integrable) progressively 
measurable process a = {at}(Lo (with respect to {GtJtLo) define the process 


= xe-'o 




:.dv 


tG[0,T]. 


Denote by A the set of all non-negative, progressively measurable processes a = 
{citItLo with a( dt < oo a.s. which satisfy the following: there exists a constant 
C = C{a) such that ^ < S“d < c. Define the function G : (0,oo) x (0,r] —>• K 


(7.1) G{x,u) := sup inf 

a^A CeTi, 


Ep 


/2(s“’")ic<. + /i(sr)ic=^ 


The following lemma is similar to Dolinsky (2013, Lemmas 4.1-4.2). As the present 
setup is a bit different, we provide for reader’s convenience a self contained proof. 


Lemma 7.1. 

i.The function G{x,u) does not depend on u, i.e. for all u < T 

G{x, u) = G{x, T). 

a. The function G{x) := G{x,T) is continuous and satisfies /i < G < f 2 . 
Hi. The function G(x) is concave in every interval in which G < / 2 . 
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Proof, i. The proof will be done by a standard time scaling argument. Let x > 0 and 
u G (0,T]. Consider the Brownian motion defined by W* := t G [0, u]. 

Let {Gt}t=o Le the filtration which is generated by {W(}“^g (completed by the 
null sets) and let Tu be the set of all {^t}tLo“Stopping times with values in [0, u]. 
For any x > 0 and any {^(})Cg-progressively measurable (sufficiently integrable) 
process a = {dtlJCp define the process 

Sf’" = t G [0,w]. 

Denote by A the set of all non-negative, {^i})Cg-progressively measurable processes 
a = {dtiLo with /“ ctl dt < oo a.s. for which there exists a constant C = C{a) 
such that ^ < S“d < ( 7 , Observe that the maps (j> ■. Tt ^ Tu and tp ■. A ^ A 
given by (j){Cf) := ^ and [V'(a)]t := ^ ^ [Ojdi bijections. Moreover, 

S“’“ = t G [0,r]. Thus, we obtain 


G(x,r) = sup mf Ep / 2 (S“’")I^<„ + /i(Sf'")I^^^ 


a^A 
= sup inf Ep 


/ 2 (S“’")Ic<„ + /i(S“'")Ic=„ = G{x,u), 


as required. □ 

ii. In (I!^, if we put C = 0 we obtain G < f 2 and for a = 0 we obtain G > fi. 
Thus, /i < G < / 2 . Next, we p rove the continuity of G. Let x,y > 0. Denote 
z = max (|, I). Similarly to ( 6 . 8 |, we obtain that for any a G .4 and t G [0,T] 


^ (1 - Liz - 1))/.(S“’“) - LS“’“(z - 1) 




i = 1 , 2 . 


1 + Liz — 1 ) 

This together with the fact that is a supermartingale gives 

(1 — Liz — l))G(x) — Lx(z — 1) 


Giy)> 


1 + L(z — 1) 


As x,y are arbitrary we conclude that G(y) > limsup„_,.gc G(x„) for any sequence 
Xn —t y, which yields the upper semi-continuity. Similarly, for any sequence yn ^ x 
we have G(x) < liminf„_,.oo G(y„), which yields the lower semi-continuity and 
completes the proof. □ 

hi. Let D C (0,oo) be an open interval such that G < /2 in D. Fix xi,X 2 ,X 3 G D 
and assume that 0 < X 2 < X 3 < xi. Let 0 < A < 1 such that X 3 = Axi + (1 — A)x 2 . 
We need to show that 


(7.2) G(x3) > AG(xi) + (1-A)G(x2). 

Let o G K be a constant such that P(VFi; > a) = A. Define the martingale 


Mt = Ep 


Gt 


XiIwt >a + <a 

2 2 

Observe that Mg = X 3 . We deduce from Ito’s formula that 

Mt = xse-fo - 5 fo , 


, tG[0,r/2]. 
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where for t < ^ 



and for f = ^ define ar = 0. 

Next, choose e > 0. There exist G A such that 

(7.3) G{x,) <e+ inf Ep f/ 2 (sf+/i(sf tI , t = 1,2. 

C^Tt ^2 2 ^2J 

2 

The processes are progressively measurable with respect to the filtration {Gt}f=o 
and so there exist progressively measurable maps (fi : C[0,T] —>• C'+[0,r] (i.e. 

depends only on i/[o,t]) such that = '■pi{W) a.s.. Consider the Brow¬ 
nian motion Wj = , 0 < t < ?. We extend the process a to the 

2 2 

interval (T/2,T] by setting 

T 

CTi+Z = IrVT>a[7’l(W)]t -I- Iwt <a[7’2(W)]t, 0 < t < —. 

2 2 2 Z 

Clearly, the process {atj^g is non-negative and progressively measurable with 

respect to the filtration {Gt}f=o- The martingale {Mt}^g satisfies 0 < X 2 < M < 

xi- This together with the fact that G A yields that a G .4. Thus, 

(7.4) G(a;3)> inf Ep [/ 2 (S“’"^)Ic<t + /i(S“’"^)Ic=t ■ 

Now, we use that G < /2 in D. Define the process 

Zt = essinf Ep [/ 2 (S“’"^)Ic<t + /i(S“’"^)Ic=t Gt] , tG [0,T], 
CeTlo.Ti.C^t 1 ‘= ^ J 

and the stopping time rj G 7(0 ,t] by, 

r, = inf{t:Zt = /2(S“’"^)}AT. 

From the general theory of optimal stopping (see Peskir and Shiryaev 2006, chapter 
I), it follows that 

Zo = Ep[/ 2(S“’"^)I^<T + /i(S“’"^)I^=T . 

The strong Markov property of Brownian motion implies that for t < ^ 

Zt < G(S“’"^T- t) = G{Mt) < h{Mt), 

where the last inequality follows from the fact that Mt G D. We conclude that 
?7 > T a.s., and so from the independence of {Wi}^g and 

Zo=EpZt=A inf Ep[/ 2 (sf'’’"^)E<T +/i(S“''’’"^)E t' 

2 C^Tt L ^ ^ ^^2 ^ T ^ ^-2j 

2 

+ (1 - A) mf Ep . 

/ T ^2 2 ^2J 
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This together with (7.3)-(7.4) yields 


G{x3) > Zq > XG{xi) + (1 — X)G{x2) — e, 


and by letting e I 0 we get (7.21, which completes the proof. □ 

Recall the set C(z/o)i which was introduced in the beginning of Section |p namely 
the set of all continuous, strictly positive stochastic processes a = which 

are adapted with respect to the filtration generated by W completed by the null 
sets, and satisfy: i. ao = r'o- h. a and — are uniformly bounded. Define the 
function F : (0,oo) x (0,r] —M by 

Fix,u)= sup inf Epk(S“’")Ic<„ + /i(Sr)Ic=« 

aGC(uo) L 

Lemma 7.2. For any x > 0 and u S (0,T], F{x,u) > G{x). 

Proof. Fix a; > 0, u S (0, T] and choose e > 0. Let a G A such that 
(7.5) G{x) < e + M Ep [/ 2 (S“’")Ic<. + /i(S“’")Io 

1 


Notice that dS“’ = atSf’ dWt, and so from the fact that ^ < S“’“ < C for 
some constant C, we deduce that Ep[ dt\ < oo. Thus, by applying standard 
density arguments, it follows that we can find a sequence of stochastic processes 
C C{vq) such that 


[ “ (atfl) dt 

.Jo 

We deduce from the Burkholder-Davis-Gundy inequality that 


lim Ep 

n—>-oo 


= 0 . 


lim Ep 

n—>-oo 


sup ( 

7 

0<V<U \ 

Jo 


= 0 . 


Therefore, we conclude the following convergence 

sup I InS""’"^ — lnS“’^| —>• 0 in probability. 

0<i<7i. 

Next, choose J > 0. There exists n G N such that 


sup I In S 


CUn ,X 

t 


-lnS“'"| > 5 1 < 5. 


Set X = supo<t<„/ 2 (S“’"^) and the event U = (supo<t<„ | In - In > S). 
The growth condition (4.2) implies that Ep[X^] < oo. Similarly to (6.8|-([6^, we 
get 

F(x,u) > m^ Ep [ln\u (/ 2 (sf 


> ^ ^ -TV mf El 


/2(S“'")Ic<„ + /i(S“-“)Ic=. 


1 + L(e2^ - 1) cer„ 


> 


1-L(e2''-1) 
1 + L(e2^ - 1) 


(G(a:) - e - ^MpM) - - 


L{e^^ - 1) 

+ L{e^s-iy 
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where the last inequality follows from (7.51, the Cauchy-Schwarz inequality and the 
fact that S“’“ is a supermartingale. By letting (5 I 0 we obtain F{x) > G{x) — e, 
and by letting e 0 we complete the proof. □ 


Next, recall the terms El and g which were defined before Assumption |4.1| From 
Lemma |7.1[ we conclude that C? G H, in particular G > g. This together with 
Lemma 17.2| gives the following immediate corollary. 


Corollary 7.3. For any cc > 0 and u G (0,T], 


(7.6) 


sup inf Ep 

a^C{L'Q) 






> gix). 


We end with the following remark. 


Remark 7.4. Let us take r = 0. Then hy following the proof of (4-6) o.nd applying 
Lemmas 7.1- 7.^ we get that for any u G [0,T] 

V>F{So,u)>G{So)>g{So). 


This together with the inequality 14 < V < g{So) (Assumption \4- i\ holds true) gives 
F{So,u) = G(iS'o) = <?(5'o), i.e., we conclude that F(x,u) = G(x) = g and G is 
the minimal element in H. Observe that the functions F, G are independent of 
the interest rates, and so this result can be viewed as a general conclusion which 
provides a link between the game variant of concave envelope g and the value G of 
the optimal stopping problem under volatility uncertainty. 


8. Density Results for martingale measures 


Recall the filtered probability space (O, F, P) and the price process S = 

{St}f^Q introduced in (2.2). For any probability measure Q <C P, we denote by Q'^ 
the distribution of the discounted stock price process .St = t G [0,r] on the 


canonical space G[0, T], Namely, Q'®(A) = Q(.S G A) for any Borel set A G G[0, T], 
Define = {Q"® : Q G Q}, where Q is the set of all probability measures 
Q ^ P such that {lFt}^Q is a Brownian motion with respect to Q and the filtration 
{Ft}J^Q, as defined in Section]^ Clearly, C M, where M. denotes the set of 
all strictly positive local martingale measures as in Section 


Lemma 8.1. If the financial market given by (2.1 |-i 
is a weakly dense subset of M. 


is fully incomplete, then 


Proof. 

First Step: Denote by the set of all probability measures Q G Ai such 
that the canonical process S is a Q-Riartingale which satisfies ^ < S < G Q- 
a.s. for some constant G > 0 (which depends on Q). Let us show that is a 
weakly dense subset of M. Let Q G M.. For any G > 0 define the stopping time 
Tc = T A min{t : St < ^ or Sj > G}. Observe that the continuity of S implies that 
Tc is a stopping time with respect to the canonical filtration Ft = (t{S„ : u < t}. 
Consider the truncated stochastic process S'" given by Sf = StArc j ^ € [0,T]. Let 
be a probability measure on G[0,T] defined by Q‘"(A) = (5(S‘" G A), for any 
Borel set A G G[0, T]. Observe that Q'" is the distribution of the process S'" under 
the probability measure Q. Clearly, limc_>oo maxo<t<T |§P — St| =0 Q-a.s. Hence, 
as G —>■ oo, Q*" converges weakly to Q. 
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From the Doob optional stopping theorem, see, e.g., Liptser and Shiryaev (2001, 
Theorem 3.6), it follows that under the probability measure Q the stochastic process 
is a continuous martingale which satisfies ^ < C Q-a.s. Thus, for any 

C > 0, we have Q*" G so we conclude that Q is a cluster point of as 
required. 

Second Step: Choose Q G At*" and fix e > 0. There exists n G N such that 
(8.1) Eq( sup |S„-S„|)<e. 

^\u-v\<T/n ' 


From the existence of the regular distribution function (see e.g. Shiryaev (1984, 
page 227)), there exists for any 1 < A: < n a function : M x —)• [0,1] such 

that for any yi, ...,yk-i G pk{-,yi, ■■■,yk-i), is a distribution function on M, 

and for any y, pkiy, ■) ■ —>• [0,1] is measurable satisfying 

Q^SfcT <2/|Si,..., S (fc-i)T ^ = pk (^y, Si,..., S (fc-i)T ^ , Q-a.s. 

Recall the probability space (fl, A, {A'(}^g,P) and the filtration gener¬ 

ated by W, completed by the P-null sets. Set Zi = Wir — W {i-i)T , i = 

Define recursively the random variables 

(8.2) Mo = s and for 1 < A: < n Mk = sup{y \ pk{y, Mi,Mk-i) < ^{Zt)} 


where $ is the cumulative distribution function of y'^bFi. As pk is a right- 
continuous non-decreasing function in the first variable, we obtain that {Mk < x} = 
{pk{x, Ml,..., Mk-i) > ^{Zk)}. Thus (by induction), we conclude that Mg,..., M„ 
are measurable. Moreover, as ^{Zk) is a random variable uniformly distributed on 
[0,1], we get 


P(AAfe <y\Mi, ...,Mk-i) = pk{y,Mi,...,Mk-i). 

Therefore, the joint distribution of Mg, ..., Mn under P equals the joint distribution 
of Sg, St ,...,St under Q. In particular, we have 

(8.3) ^<Mn<C P-a.s. 

for some constant C. Furthermore, there is for any k a measurable function gk '■ 
—>• M such that Mk = gk{Zi, ..., Zk) P-a.s. 

Third step: Define the Brownian martingale Mt = Ep(M„ | Qt), t G [0,T]. Due to 
the independent increments of Brownian motion, Mkr = Mk for any k. Define the 
random variable X = maxg<fc<„ |Mfe+i — Mk\. Now, let fc < n and t G [A:T/n, {k + 
l)T/n]. From Jensen’s inequality |Mt — M^T/nj < Ep(X|^i). Thus, applying 
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Doob’s martingale inequality and (8.1) yield 
(8.4) 


max max \Mt — MkT/n\ > V^) 

0<k<nkT/n<t<(k+l)T/n ' 


< P ( max Ep(X|5t 

\0<t<T 

— — 

Ve 


>yi 


= ( rnax |S(fc+i)T/„ - ^kT/r. 

yC \0<k<n 

< 

For k < n and ^ < t < , we obtain from the Markov property of Brownian 

motion that Mt = i;k{Zi,Zk,t,Wt - WkT/n), where 


i^k{Zi,...,Zk,t,y) = / gk+i{Zi,...,Zk,v + y) 


g (2fc+2)T/n.-2t 

\/27r((fc + l)T/n — t) 


dv. 


From (8.2), we see that the function gk+i{yi, ■■■,yk+i) is non-decreasing in yk+i- 
Hence the function ipk{Zi, ..., Zk,t, y) is non-decreasing in y. By Ito’s formula, Mt = 

^0+/o PudWu. t G [0, T], with Pt = ^ _ W[r,t/T]Tln}, 

t G [0,T], being a non-negative process. Finally, set ctt = Then, by construc¬ 
tion, a G M, where A is the set defined in Sectionj^ which means a is a non-negative 
{Gt}t=o-p^ogTessiye process such that 

Mt = So e^o So ^ g [0, T], 


satisfies ^ < M < C, where the last inequality follows from (8.3). 


Fourth Step: Consider the space of all probability measures on C'[0,r]. Recall 
the Levy-Prokhorov metric 

d{Pi,P 2 ) = inf{(5 > 0 : Pi{A) < S + P 2 iA^) and P 2 {A) < (5 -h Pi{A^) VA}, 

where A^ is the set of all function that their distance (in the uniform metric) to the 
set A is smaller than S. As C[Q^T] is a Polish space, the Levy-Prokhorov metric 
induces the topology of weak convergence. Define the linear extrapolations 

St := {[nt/T] -I- 1 — nt/T) S[„t/T]r/n + {nt/T — [nt/T]) S([„t/T]-i-i)r/n; t <T, 

Mt := i[nt/T] + 1- nt/T) M[^t/T] + {nt/T - [nt/T]) M[„t/T]-Hi, t < T. 

As a consequence of the second step, we obtain that the distribution of S (u nder 
Q) equals the distribution of M (under P). Denote it by Qi. From (8.1) and 


the Markov inequality we obtain that d((3,(5i) < ^/e. The inequality (8.4) implies 


that d{Qi,Q 2 ) < 2y/e where <52 is the distribution of M (under P). Thus, we get 
d{Q, Q 2 ) < 3-v/e. As e > 0 was arbitrary, we obtain that the set of distributions of 
(recall the definition after formula (6.3)), a G A, is dense in and in view 
of the first step we obtain that the set of distributions of a G A, is dense in 


A4. Moreover, using similar arguments as in Lemma 7.2 we conclude that the set 
of distributions of a G C{no), is dense in Ai. We arrive to the final step. 
Fifth step: From the last step, it follows that it is sufficient to prove that, for any 
a G C{no), the distribution of 8^“^ lies in the weak closure of A4^. Thus, choose 
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a G C(t'o). We use the property of fully incomplete market. By Definition 2.1 there 
exists a sequence of probability measures Q„ ^ P, n S N, such that (2.31 holds 
for e = - and W is a Q„ Brownian motion. As a is adapted to {Gt}t=o then the 
distribution of (a, W) under Q„ is the same as under P. Hence, the distribution of 
under Q„ converges weakly as n —>■ oo (on the space CpjT] x C[0,r]) to 
the distribution of {a, W) under P. Recall that 


dSt = So 


vtStdWt, <e[0,T], Q„-a.s., 


nt 

dS^“^=S'o+ / tG[0,T] P-a.s. 

Jo 

Thus, from DufBe and Protter (1992, Proposition 4.1 and Theorem 4.3-4.4), we 
obtain that the distribution of S under Q„ converges weakly to the distribution of 
as required. □ 


Remark 8.2. It is possible to define a fully incomplete market as a market which 
satisfies that the set of distributions 

{Q(S' G ■): Q is an equivalent martingale measure} 


is a weakly dense subset of A4. This is the only property that we used in the proof 
of Theorem 3.1 However, when dealing with game options (or any options which 


involve stopping times) such as Theorem 4-2. we need an additional structure related 
to the filtration Tdis additional structure is given by (2.2) and Definition 

[M 
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